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Josephson meta-materials have recently emerged as very promising platform for superconducting
quantum science and technologies. Their distinguishing potential resides in ability to engineer
them at sub-wavelength scales, which allows complete control over wave dispersion and nonlinear
interaction. In this article we report a versatile Josephson transmission line with strong third order
nonlinearity which can be tuned from positive to negative values, and suppressed second order
non linearity. As an initial implementation of this multipurpose meta-material, we operate it to
demonstrate reversed Kerr phase-matching mechanism in traveling wave parametric amplification.
Compared to previous state of the art phase matching approaches, this reversed Kerr phase matching
avoids the presence of gaps in transmission, can reduce gain ripples, and allows in situ tunability
of the amplification band over an unprecedented wide range. Besides such notable advancements in
the amplification performance with direct applications to superconducting quantum computing and
generation of broadband squeezing, the in-situ tunability with sign reversal of the nonlinearity in
traveling wave structures, with no counterpart in optics to the best of our knowledge, opens exciting
experimental possibilities in the general framework of microwave quantum optics, single-photon
detection and quantum limited amplification.

INTRODUCTION

The study of meta-materials [1, 2] has generated large
interest in the frame of quantum technologies due to wide
range of direct applications, e.g. exploration of novel
quantum optics phenomena [3–6], non-destructive quan-
tum sensing [7], quantum limited amplification [8–10]
or quantum information processing [11–13]. Recently,
superconducting Josephson junctions have emerged as
very promising building blocks for one dimensional
nonlinear meta-materials due to key advantages like low
loss, compactness and extraordinarily strong and tunable
nonlinearity [2]. These meta-materials are constructed
by embedding an array of Josephson junctions or loops
containing Josephson junctions, in a transmission line.
The meta-material, fabricated in transmission geometry,
can be used as a low noise broadband amplifier out of
the box and hence this use case is naturally well suited
to demonstrate its efficacy.

Low noise parametric amplifiers underwent an enor-
mous development in the last decade, especially due to
their remarkable impact in the field of superconducting
quantum information [14]. Resonant parametric am-
plifiers based on Josephson junctions embedded in a
microwave resonator (JPAs) [15, 16] provide quantum-
limited amplification [17–20] and are widely used for
quantum-noise limited microwave readout [21]. The
resonant nature of JPAs, however, sets a limit on their
bandwidth, and on their applications. Recently, this
limitation has been overcome by traveling wave para-
metric amplifiers (TWPAs) consisting of non-resonant
nonlinear transmission lines exhibiting amplification
bandwidth up to few GHz [14]. The nonlinearity
required for parametric coupling in these devices is
provided either by the kinetic inductance of a super-

conducting material (KTWPAs) [22] or by a Josephson
meta-material (JTWPAs) [8–10]. TWPAs presently are
very appealing tools for a variety of applications dealing
with broadband quantum-noise limited amplification
[23], ranging from multiplexed readout of solid state
qubits [24–26] to microwave kinetic inductance detectors
[27] and dark matter detectors [28] [29] for astrophysics,
and microwave photonics experiments [12].

Amplification in TWPAs is achieved with a wave
mixing process arising from coupling between traveling
modes in the nonlinear medium: the medium is excited
with a strong pump field, at frequency ωp, causing the
amplification of a weaker signal field, at frequency ωs,
and the creation of an idler field, at frequency ωi [30].
Depending on the order of the nonlinearity, the process
can be either a three wave mixing process, involving
three photons (h̄ωp = h̄ωs + h̄ωi), or a four wave mixing
process, involving four photons (2h̄ωp = h̄ωs + h̄ωi).
Both of these processes require specific phase matching
conditions, which so far have been realized by employing
rather complicated engineering of the dispersion of the
TWPA device operating in microwave domain. For three
wave mixing TWPAs, dispersion engineering is needed
to suppress undesired second order nonlinear processes
that would otherwise dominate over the parametric
amplification [31]. For four wave mixing TWPAs,
dispersion engineering is adopted for maintaining the
phase matching condition between pump, signal and
idler across the nonlinear transmission medium, that
otherwise would be degraded due to third order phase
modulation processes [8–10, 22]. Practically, in the
TWPA devices demonstrated so far [8, 10, 22, 31], a
distortion in the dispersion relation is engineered either
by using a photonic-crystal like approach (a photonic
gap is opened in the dispersion relation by periodically
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FIG. 1. Reversed Kerr phase matching. (a) Exaggerated dispersion relations of a weak probe tone in presence of pump at 8 GHz
(green) and absence of pump (blue) in reversed Kerr TWPA at negative Kerr flux bias. The red arrows indicate the contribution
of self phase modulation (SPM, at 8 GHz) and cross-phase modulation (XPM, at 6 and 10 GHz). The XPM experienced by
the signal and idler waves is stronger than the SPM experienced by the pump wave, this allows signal, idler and pump to be
colinear, i.e. satisfy the phase matching condition. Due to sign reversal of Kerr, self and cross phase modulation processes
cancel phase mismatch arising from curvature in dispersion (blue); which leads to perfect phase matching at 6 and 10 GHz
(indicated with red-green points). Simulations of reversed Kerr phase matching and gain (b and c) using device parameters.
The represented ∆k values are phase mismatches at the output of the devices.

modulating the transmission line [10, 22, 31]) or by
using a resonant phase matching approach (a stop band
gap is created in the dispersion relation by introducing
resonant elements in the transmission line [8, 9, 32]).

The dispersion engineered TWPAs suffer from two
main disadvantages. First, the presence of the gap in the
dispersion relation typically produces a discontinuous
amplification band with significant ripples in the gain
profile [8, 10, 22]. And secondly, the dispersion engineer-
ing method only guarantees the optimal amplification
conditions when the TWPA is pumped at a designated
frequency [8, 10, 22, 31], making the amplification band
fixed by design.

In this article, we demonstrate a four wave mixing
TWPA with a novel phase matching process based on
the sign reversal of the third order (Kerr) nonlinear-
ity and with no need for dispersion engineering [33].
Fig. 1 depicts the concept of phase matching with
this approach, which overcomes the aforementioned
disadvantages of dispersion engineered TWPAs, while
maintaining ease of fabrication. Due to absence of
dispersion engineering, the device doesn’t have gaps in
the transmission and a nearly flat impedance across the
amplification band. This can significantly reduced the

gain ripples (see supplementary information). As the
sign reversal of the Kerr nonlinearity is not frequency
dependent, the phase-matched amplification band can
be dynamically tuned in situ by simply changing the
pump frequency.

The meta-material, operated as reversed Kerr TWPA,
exhibits up to 4 GHz combined bandwidth, 8 GHz
tunability of the amplification band, -98 dBm saturation
(1 dB compression) at 20 dB gain and added noise near
the standard quantum limit.

Our results prove that nonlinear meta-materials con-
structed from Josephson junctions, in contrast to their
optical counterparts (nonlinear optical fibers [34–36]),
can be tailored to achieve in-situ tunability of the Kerr
nonlinearity; opening the door for the exploration of this
nonlinear optics regime, e.g. generation of broadband
non-classical states [12] and realization of non destruc-
tive traveling photon counters [7]
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RESULTS

Device description and Operation

The device presented in this article is constituted
of 700 cells spanning 6 mm, with each cell containing
a superconducting loop with three large (high critical
current, I0) and one small (low critical current, rI0)
Josephson junctions in either arm. This design is known
in the superconducting circuit community with the name
of superconducting nonlinear asymmetric inductive el-
ement (SNAIL) [37] and has been successfully adopted
for three wave mixing resonant parametric amplification
[38–40] and the implementation of Kerr-cat qubits [41].
The use of this circuit element, and in general of elements
giving rise to both second and third order nonlinearities,
for traveling wave parametric amplification has been
proposed/investigated in the last five years with different
approaches [33, 42–47]; the device presented here is, to
our knowledge, the first experimental demonstration of
a reversed Kerr traveling wave parametric amplifier.

The asymmetry between the two arms of the supercon-
ducting loop allows to have both even and odd nonlinear
terms in the Taylor expansion of the current-phase rela-
tion:

I(φ) ≈ Φ0

2πL
φ− 3Φ0

√
RQ
π3Z3

g3φ
2 − 4Φ0

RQ

π2Z2
g4φ

3 , (1)

where g3 and g4 are the three wave and four wave
mixing flux-tunable nonlinear coefficients indicating
rates at which corresponding interaction manifests,
Φ0 the magnetic flux quantum, RQ = h/4e2 , Z (

defined as
√
L/Cg) is the characteristic impedance of the

transmission line, with L the flux-tunable inductance
per unit cell and Cg the ground capacitance per unit
cell. Explicit expressions for L, coefficients g3 and g4 as
a function of the external magnetic flux are given in the
methods.

The ratio of the critical current of small and large
Josephson junction (r) is chosen such that the flux
dependent magnitudes of the second order nonlinearity
(g3) and third order nonlinearity (g4) are anti-correlated.
In addition, the device is designed to ensure that the
third order nonlinearity (g4) attains sufficiently large
negative values. The anti-correlated nature of |g3|
and |g4|, meaning that when one is zero the other is
maximum, allows the separate exploration of the desired
wave mixing processes. To further suppress spurious
three wave mixing processes, we use SNAIL elements
with alternating magnetic flux polarity, i.e. they are
physically oriented in a way such that magnetic flux
biasing is reversed for adjacent SNAIL cells, as depicted
in Fig. 2. Since g3 is an odd function of the external
flux, its value in adjacent cells has opposite sign resulting

in an overall cancellation of three wave mixing processes
at the wavelength scales under discussion in this article
[49]. To illustrate this suppression, a comparison
between simulated second harmonic generation in the
meta-material with and without the polarity inversion
is shown in supplementary information. The nonlinear
coefficient g4 is shown in Fig. 2 (a) as a function of the
external magnetic flux. In this work, we focus on using
the device as four wave mixing reversed Kerr parametric
amplifier, and for this purpose we flux-tune the device
in order to have maximally negative g4.

The coupled evolution of signal and idler fields in pres-
ence of a strong pump in the nonlinear medium tuned to
exhibit maximally negative g4 can be described by the
following wave equations [8, 50],

(
∂x +

i∆k

2

)
as = i

ki

2ks
ηsa
†
i − κ

′′
s as, (2)

(
∂x −

i∆k

2

)
a†i = −i ks

2ki
ηias − κ

′′
i a
†
i , (3)

where ηs,i are g4 dependent coupling constants, ks,i are
the real component of signal and idler wavevectors, ∆k
is the total phase mismatch, and κ

′′
s,i are the imaginary

component of signal and idler wavevectors. With the
approximation of lossless transmission line (κ

′′
s,i = 0) and

treating as,i as semi-classical fields with zero initial idler
boundary condition, we get the familiar expression [8, 10,
32, 51] for the non-degenerate four wave mixing power
gain,

Gpower = cosh2 (gx) +
∆k2

4g2
sinh2 (gx) , (4)

where g is the reduced gain coefficient defined in [33]
and x is position along the TWPA. The gain that can be
achieved with such coupled evolution is maximum when
∆k vanishes. The total phase mismatch can be expressed
as the sum of two contributions:

∆k = ∆kdispersion + ∆kKerr. (5)

The linear phase mismatch between signal, idler and
pump fields, ∆kdispersion = ks + ki − 2kp, is defined by
the dispersion relation

k(ω) =
ω

ω0

√
1− ω2/ω2

J

, (6)

which is obtained by solving for transmission in absence
of second and third order nonlinearities (g3 = g4 = 0),
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FIG. 2. Reversed Kerr TWPA implementation. (a) Nonlinear coefficient g4 as a function of the external magnetic flux, calcu-
lated using the device parameters obtained from the linear characterization (I0 = 2.19µA and r = 0.07, see supplementary
information). (b) Circuit schematic of the reversed Kerr TWPA; I0 is the critical current of the large junction, rI0 is the critical
current of the small junction and Cg is the ground capacitance per unit cell. The device is threaded by a global magnetic field.
The alternated loop geometry hence results in an alternated magnetic flux polarity. (c) Schematic of the reversed Kerr TWPA.
The device is fabricated with double angle aluminium Josephson junction array deposition on silicon substrate, followed by
atomic layer deposition of dielectric (alumina) and finally by gold top ground deposition [48]. A SEM (Scanning Electron
Microscopy) image of the meta-material with false coloring to indicate large (blue) and small (orange) junctions forming a
SNAIL in the transmission line is shown as a closeup; the superconducting loop area is colored green.

∂2φ

∂x2
− 1

ω2
0

∂2φ

∂t2
+

1

ω2
J

∂4φ

∂x2∂t2

+ 6g3

√
RQ
πω2

0Z

∂

∂x

[(
∂φ

∂x

)2
]

− 8g4
RQ
πω0Z

∂

∂x

[(
∂φ

∂x

)3
]

= 0, (7)

where ωJ =
√

1/LCJ, ω0 =
√

1/LCg, denote the

plasma frequency and the characterstic frequency of the
transmission line, respectively. It can be noted that eq.
(7) is semi-classical approximation of eq. (2) and eq.
(3). The non linear phase mismatch, ∆kKerr, describes
the phase mismatch arising due to the third order phase
modulation processes (self-phase modulation and cross-
phase modulation) and linearly depends on the pump
power and the nonlinear coefficient g4. Following the ap-
proach used in [33], one can show that the sign of ∆kKerr

only depends on the sign of g4. See eq. (21) and (22) in
methods for expressions of ∆kKerr.
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The four wave mixing TWPAs demonstrated so
far work in the regime of positive third order (Kerr)
nonlinearity (g4 > 0). In that case, the phase matching
is accomplished by introducing a gap in the transmission
line and changing the sign of ∆kdispersion for a specific
pump frequency corresponding to the gap position. In
the Reversed Kerr TWPA presented here, the need for
dispersion engineering is circumvented by operating
the device in the regime of negative third order (Kerr)
nonlinearity (g4 < 0), i.e. negative ∆kKerr.

Exaggerated dispersion relations of a weak probe tone
in presence of pump at 8 GHz (green) and absence of
pump (blue) in reversed Kerr TWPA at negative Kerr
flux bias are shown in Fig. 1 (a). Panel (b) shows
simulated ∆kdispersion (blue), ∆kKerr (red) and the total
phase mismatch (green, sum of the two) as a function
of separation of signal frequency from pump frequency;
using the device parameters. Due to reversed sign of the
Kerr phase modulation, total phase mismatch vanishes
at two signal frequencies, symmetrically on either side
of the pump frequency; panel (c) depicts simulated gain
for such phase mismatch; one can notice that the gain
maxima correspond to the frequencies with optimal
phase matching. The positions of these gain maxima
are dependent on the device design parameters, and can
be changed by modifying the nonlinear coefficients and
dispersion relation.

The fabrication steps of the reversed Kerr TWPA
are depicted in Fig. 2 (c). The device chain containing
Josephson junctions is fabricated on intrinsic silicon
substrate using double angle evaporation method with
aluminum, followed by atomic layer deposition (ALD)
of alumina dielectric and gold top ground[48]. The
thin (30 nm) dielectric layer of Alumina provides the
ground capacitance required for matching impedance of
the transmission line to standard 50 Ω environment[48].
This junction fabrication method is expected to yield
junction disorder(standard deviation) lower than 3%
[52], which is within tolerable limit for realizing a high
performance reversed Kerr TWPA [33].

3D finite element simulations of the magnetic field
generated by the current carrying coil with 3 cm diame-
ter, mounted on top of the sample holder, and used to
bias the TWPA device, predict field asymmetry lower
than 0.1% across the chain of SNAIL loops.

Reversed Kerr Gain characterization

The device is experimentally characterized in a
dilution refrigerator at 20 mK with standard microwave
electronics (See supplementary information). We focus
on the amplification performance of the device operated
at half flux (in the reversed Kerr regime). The gain

characteristics for the device are depicted in Fig. 3,
measured as the difference in transmission when pump
is on and when pump is off. Panel (a) shows the
gain obtained by pumping the same device at different
frequencies. When the device is pumped at 6 GHz, it
exhibits a gain around 15 dB over 5 GHz combined
bandwidth, pumped at 8 GHz it exhibits a gain around
18 dB over 3.5 GHz combined bandwidth, and when
pumped at 10 GHz it exhibits a gain larger than 20
dB over 4.5 GHz combined bandwidth. It should be
noted that we quote the combined bandwidth of the two
amplification bands on either side of the pump, as this
is the most relevant number for most of the intended
applications of the device. Josephson TWPAs are very
efficient at amplification and need low pump powers to
operate. Similar pump power (∼ -75 dBm) was used at
the input of the TWPA to obtain optimal gain profiles at
various frequencies depicted in Fig. 3. The double lobe
gain curves result from the fact that phase mismatch di-
minishes on either side of the pump as depicted in Fig. 1.
The curvature of the dispersion relation leads to higher
gain at higher frequencies without sacrificing bandwidth.
This is direct consequence of strong dependence of the
reduced gain coefficient (g in eq. (4)) on pump, signal
and idler wavevectors [10, 33]; g increases with increase
in wavevectors. Since wavevectors of traveling modes
in the TWPA are proportional to their frequencies and
diverge at the plasma frequency, higher gain is expected
and observed at higher frequencies. This can also be
understood as increase in effective interaction time of
the modes in the TWPA due to the reduction in phase
velocity.

The theoretical plots corresponding to the experimen-
tal gain curves are also presented (dashed lines); they
are obtained by solving coupled differential equations
(2) and (3), and summarized in the methods. The
magnitude of gain is in good qualitative agreement with
the theoretical model. We stress that the model has
no fitting parameters but just utilizes the values of CJ

(Josephson capacitance per unit cell) and Cg (ground
capacitance per unit cell) obtained by design, the values
of r and I0 obtained from the device characterization
in linear regime (details in supplementary information)
and the experimental values for the pump power. It can
be noted that the gain obtained at higher frequencies
for a fixed pump frequency is consistantly higher. The
gain obtained at pairs of frequencies equidistant from
the pump, in an ideal lossless reversed Kerr TWPA
would be identical, however, practically, asymmetric loss
experienced by waves traveling at different frequencies
breaks this gain symmetry. This dynamics is well
captured by the distributed gain model used to simulate
theoretical plots. One possible explanation for the slight
narrowing of the amplification band with respect to the
model prediction could be stray linear inductance in the
transmission line, which is not accounted in the model.
Overall, we observed a combined dynamical bandwidth
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FIG. 3. Reversed Kerr Gain. (a) Gain profile of same device pumped at 6, 8 and 10 GHz and tuned to operate at external
magnetic flux Φext/Φ0 = 0.5 . Dashed lines indicate the gain predicted by the theoretical model. (b & c) Comparison of gain
and gain variance of reversed Kerr TWPA pumped at 8 GHz to TWPA with phase matching implemented using stop band
engineering [10] pumped to 6.635 GHz. The variance has been evaluated over bins of 100 MHz. (d) Gain compression as a
function of input signal power when the reversed Kerr TWPA was pumped at 8 GHz, at signal frequencies on both side of
pump with gain close to 20 dB. The 1 dB compression point at -97.7 dBm is indicated with a dashed line.

larger than 10 GHz with gain higher that 15 dB, which
is one of the distinguishing features of this device.

Another significant merit of the presented meta-
material operated in reversed Kerr regime for amplifica-
tion, is the absence of gaps and dispersion engineering
in the transmission band, which reduces gain ripples
significantly. A comparison of characteristic impedance
of transmission lines with and without dispersion
engineering, and how it translates to gain ripples is
discussed in supplementary information. Panel (c) in
Fig. 3 compares the gain profile of the reversed Kerr
TWPA pumped at 8 GHz with a band engineered
TWPA with a similar fabrication technique and pumped
at 7 GHz [10]. Panel (d) in Fig. 3 depicts the contrast
in gain variance arising from the aforementioned ripples.

Identical packaging (sample holders and connectors)
was used for both devices and the gain variance was
evaluated over bins of 100 MHz. Lower gain ripples also
contribute in improving gain stability.

The operating point of reversed Kerr TWPA corre-
sponds to an extremum of third order nonlinearity with
respect to magnetic flux threaded through the SNAIL
loop, which makes it (g4) and phase matching condition
first order insensitive to magnetic flux variations offering
a natural protection. We observed time domain gain
variance between 0.5-1.5 dB over 18 hours of continuous
measurement using standard commercial microwave
generators and without magnetic shielding for the
device. With moderate magnetic shielding, the stability
can be further improved.
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The saturation power is also investigated by measuring
the gain versus the input signal power. Panel (c) in
Fig. 3 depicts gain saturation curve for the device when
pumped at 8 GHz. We observed 1 dB gain compression
(saturation) at -97.7 ± 0.5 dBm for gain around 20 dB.
This is comparable to state of the art in JTWPAs [8, 10].
Input and output line calibration used for obtaining the
same is described in the methods.

Noise calibration

The noise calibration for the TWPA has been per-
formed using a broadband thermal noise source with
temperature tunability between 40mK to 1K. Using this
noise source, we first calibrated the noise and gain perfor-
mance of the output line (without TWPA). The output
noise power of the transmission line including TWPA, in
the high TWPA gain limit can be expressed as,

P (ωs) = {Nsource(ωs, Tsource)GTWPA(ωs) +NTWPA(ωs)GTWPA(ωs)

+Nsource(ωi, Tsource)GTWPA(ωi) +Nout(ωs)}Gout(ωs)Bw, (8)

where Nsource(ω, Tsource) is the noise emitted by
the thermal noise source at frequency ω when heated
to temperature Tsource, GTWPA(ω) and NTWPA(ω)
correspond to the TWPA gain and added noise, Gout(ω)
and Nout(ω) correspond to output line (without TWPA)
gain and added noise, at frequency ω; Bw denotes
measurement bandwidth. It should be noted that
expression 8 includes input noise at both signal and idler
frequencies, since we are using a broadband noise source.

The noise temperature of the TWPA pumped at 8
GHz, obtained by fitting the measured power spectral
density to the signal-idler two mode model in equation
(8), is shown in panel (a) of Fig. 4 along with system
noise temperature and standard quantum limit for
non-degenerate amplification. Due to broadband nature
of the noise source and high bandwidth of the amplifier,
the power emitted by noise sources reaches close to
saturation power of amplifier for temperatures above 0.5
K. Thus, we limit the temperature range of the noise fit
to 400 mK to avoid any artifacts of amplifier saturation.
At peak TWPA gains, we observed the noise added by
the TWPA to be around twice the standard quantum
limit. We also plot the theoretical simulation of the noise
obtained by numerically solving the coupled differential
equations (2) and (3), along with noise source term [50]
arising from dielectric losses. As these losses are power
dependent, we plot the theoretical simulation results as
the band between low power and high power losses (see
methods). We note that the theoretical simulation is
in good agreement with the measured noise, indicating
that the deviation from the standard quantum limit
is primarily due to the dielectric losses in the TWPA
device. A promising avenue for improvement of noise
performance can be substituting alumina with a low loss
dielectric (for example SiNx or a:SiH [53]), however, that
is beyond the scope of this article.

We emphasize that it is crucial to include both signal

and idler modes in the noise model whenever a broad-
band noise source is used for noise calibration, otherwise
the added noise could be misinterpreted to be better than
the actual value by up to a factor of two [31, 54]. Pan-
els (c) and (d) of Fig. 4 explain in details this aspect of
the noise characterization. Panel (c) depicts a compar-
ison of noise temperature data at 6.4 GHz fitted to the
simple single mode model (giving NTWPA = 277 mK)
and signal-idler two mode model (giving NTWPA = 400
mK). Although both the models seem to fit the data,
the simple single mode model would give an underesti-
mated noise temperature. In addition, panel (d) depicts
a comparison of simulated system output noise at 6.4
GHz with the simple single mode model and signal-idler
two mode model. When only the signal mode is con-
sidered, the gain is misinterpreted to be higher than the
actual value, which leads to inaccurate normalization of
the added noise.

DISCUSSION

We have presented a Josephson meta-material embed-
ded transmission line with in-situ sign reversal of Kerr
nonlinearity. To demonstrate its efficacy, we have shown
its use case as a TWPA with a fundamentally new phase
matching mechanism: reversed Kerr phase matching.

Conversely to previously demonstrated TWPAs, the
absence of gaps in transmission can provide continuous
amplification band with significantly lower gain ripples.
Also, it provides in-situ tunability of the amplification
band over an unprecedented range (gain larger than 15
dB is observed in the entire 4-12 GHz range) by simply
changing the pump frequency. The latter constitute a
notable advantage with respect to previous state of the
art TWPAs, where the pump frequency is constrained
by the dispersion engineering approach. By exploiting
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FIG. 4. Noise characterization. (a) Noise temperature of the amplification chain (green) and the reversed Kerr TWPA (blue)
compared to the standard quantum limit (SQL) across amplification band in terms of number of added photons. The device
is pumped at 8 GHz and tuned to external magnetic flux Φext/Φ0 = 0.5 . The blue shadow area indicates the result of the
theoretical simulations considering power dependent losses. (b) Corresponding gain profile. (c) Comparison between output
noise power fitted to noise models including and excluding idler mode noise input. Ignoring idler mode inaccurately leads to
lower noise temperature estimates. (d) Comparison of simulated noise output for the noise models including and excluding
idler mode with identical TWPA noise temperature.

a new nonlinear optics phase matching mechanism
(reversed Kerr phase matching), presented device is
extremely promising for a wide range of amplification
applications including multiplexed qubit readout, KID
arrays and dark matter detection.

Apart from amplification, Josephson junction based
nonlinear devices have also emerged as a very promising
platform for novel experiments like generation of non-
classical states and photon detectors, so far demonstrated
with resonant structures [54–58]. Traveling wave struc-
tures with in situ control of the second and the third or-
der nonlinearities pave the way for broadband implemen-
tations like multi-mode squeezing experiments and non-
destructive traveling wave photon counters [7, 12, 59].

METHODS

Device unit cell

The unit cell of the device is composed by a super-
conducting loop with three large junctions in one arm
and one small junction in the other arm, and a shunt
capacitance to ground Cg. Indicating the phase differ-

ence across the small junction as φ and using the flux
quantization for a single loop we get that

φL =
φ− φext

3
, (9)

where φL is the phase difference across the large junction
and φext = 2πΦext/Φ0 is the reduced external magnetic
flux. Thus, the current through the asymmetric SQUID
can be written as

I(φ) = rI0 sinφ+ I0 sin

(
φ− φext

3

)
, (10)

where I0 is the large junction critical current and r < 1
is the asymmetry ratio.

We can then perform a Taylor expansion about a flux
φ∗ such that I(φ∗) = 0 (steady state),

I(φ∗ + φ)

I0
=

dI

dφ

∣∣∣
φ∗
φ+

1

2

d2I

dφ2

∣∣∣
φ∗
φ2 +

1

6

d3I

dφ3

∣∣∣
φ∗
φ3 + ...

(11)
We obtain the following approximated expression,

I(φ∗ + φ)

I0
≈ α̃ φ− β̃(φ)2 − γ̃(φ)3, (12)



9

where

α̃ = r cosφ∗ +
1

3
cos

(
φ∗ − φext

3

)
, (13)

β̃ =
1

2

[
r sinφ∗ +

1

9
sin

(
φ∗ − ϕext

3

)]
, (14)

γ̃ =
1

6

[
r cosφ∗ +

1

27
sin

(
φ∗ − φext

3

)]
. (15)

The inductance per unit cell can be approximated by
keeping terms up to first order in Eq. 11,

L =
Φ0

2πI0α̃
. (16)

The nonlinear coefficients g3 and g4 in the main text
are defined as

h̄g3 =
β̃

3α̃

√
EC h̄ω0 , h̄g4 =

γ̃

2α̃
EC, (17)

and where ω0 is the characteristic frequency of the trans-
mission line defined as 1/

√
LCg and EC is the charging

energy defined as e2/2Cg.
The circuit parameters for the unit cell are:

Cg = 250 fF, CJ = 50 fF, I0 = 2.19µA and r = 0.07;
see supplementary information for linear characterization
of the device.

Transmission loss in low power regime

Transmission loss of the device for two selected flux
values, Φext/Φ0 = 0 and Φext/Φ0 = 0.5 is depicted in
Fig. 5 in low power (∼ 1 photon) regime.

3 4 5 6 7 8 9 10
Frequency [GHz]

14

12

10

8

6

4

2

0

Lo
ss

 [d
B]

zero flux
half flux

FIG. 5. Transmission loss. Transmission loss of the device for
two selected flux values, Φext/Φ0 = 0 and Φext/Φ0 = 0.5 in
low power (∼ 1 photon) regime.

See supplementary information for a full characteriza-
tion of the device in the linear regime.

Four wave mixing Amplification

Focusing on the half-flux point, with g3 = 0, three
wave mixing non linear processes can be neglected. We
numerically solve coupled differential eq. 2 and 3 of main
text to simulate gain. The equations can be expresses in
matrix form as [8, 50],

Â′(x) = Φ(x)Â(x), (18)

where Â = [as, a
†
i ]
T and the coordinate x is normalized

to number of SNAILs. The matrix Φ(x) is defined as
follows,

Φ(x) =

[
−i∆k

2 − κ
′′
s i ki2ks

ηs

−i ks2ki
ηi i∆k

2 − κ
′′
i

]
, (19)

where κ
′′
s and κ

′′
i are imaginary components of

wavevector at signal and idler frequencies, respectively,
and,

∆k = ∆kdispersion + ∆kKerr, (20)

∆kKerr = ηs + ηi − 2ηp, (21)

ηs,i =
6γ

8ω̃s,i
k2

pks,i|Ap|2, ηp =
3γ

8ω̃p
k3

p|Ap|2, (22)

where |Ap| is the pump amplitude and ω̃m =(
1− ω2

m/ω
2
J

)
. We approximate the effect of pump at-

tenuation as a position independent amplitude reduc-
tion, resulting in reduced coupling constant, |Ap| =

Ap0 exp(−κ′′pN/2) [8]. The solution of the matrix dif-
ferential equation, eq. (18), can be expressed as,

Â(x) = S(x)Â(0) , S(x) = eΦx . (23)

We use the S(x) matrix to numerically compute the
theoretical gain depicted in Fig. 3 of the main text. It is
necessary to include the transmission losses of the device
into the gain modeling for accurate quantitative simula-
tion of the gain. Fig. 4 in supplementary information
shows comparison between simulated gain obtained from
lossless approximation and complete model accounting
for dielectric losses.

Setup calibration

A sketch of the experimental setup is shown in
Fig. 1 in supplementary information. We use two
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cryogenic microwave switches to in situ switch between
the TWPA sample and a reference box (with TWPA
chip replaced by a PCB CPW transmission line).
This allows the measurement of phase and power ref-
erences for input-output lines in a single cool-down cycle.

For noise calibration, we use a thermal noise source,
coupled to the setup with a directional coupler (Fig.
1 in supplementary information). The noise source
consists in an impedance matched resistive termina-
tion mounted to a copper mount with controllable
temperature and connected to the directional cou-
pler with a superconducting coaxial cable [60]. The
Johnson noise spectra of the noise source is controlled
by changing the temperature of the resistive termination.

To calibrate the output line (excluding TWPA), we
move the microwave switch to reference position and
record the power spectral density (PSD) with a spec-
trum analyzer as a function of the temperature of noise
source, over the desired frequency band. We fit the ob-
tained PSD to standard noise model,

P (ωs) = {Nsource(ω, Tsource) +Nout(ω)}Gout(ω)Bw ,
(24)

where, Gout(ω) and Nout(ω) are the fit parameters cor-
responding to the output line (excluding TWPA) gain
and added noise, at frequency ω, Bw denotes measure-
ment bandwidth, andNsource(ω, Tsource) is the noise emit-
ted by the thermal noise source at frequency ω, when
heated to temperature Tsource,

Nsource(ω, Tsource) =
h̄ω

2
coth

(
h̄ω

2kBTsource

)
. (25)

We use this output line calibration in the two mode
TWPA noise model, as described in the main text, to
perform TWPA noise characterization.

The output line gain is also used to obtain the input
line attenuation, by subtracting it from the round trip
power transmission of the reference box.

Noise model

In this session we give details on the derivation of
the noise model (eq. (7) in the main text) used to get
the TWPA added noise (NTWPA(ω)) from the measured
power spectral density and using the calibrated noise
source as input noise.

When a broadband noise source is used for noise cal-
ibration, the amplifier is subjected to incident photons
at both signal and idler frequencies. Four wave mix-
ing parametric amplifiers working in phase preserving
(non-degenerate) regime couple signal and idler modes.

The noise incident at idler mode can result in genera-
tion of significant photons at signal frequency and vice
versa; this needs to be carefully accounted for in the
noise model. An incident field ain,S at signal frequency,

generates an amplified response

√
G̃S ain,S at signal fre-

quency and a secondary response

√
G̃S − 1 a†in,S at idler

frequency, where G̃S is the gain at signal frequency. The
outgoing field at signal frequency from the TWPA can
be expressed with the following scattering relation,

aout,S =

√
G̃S ain,S +

√
G̃I − 1 a†in,I , (26)

where G̃i is the gain at idler frequency.

In order to take into account losses, we can model the

TWPA as a combination of an amplifier with gain G̃ and
an attenuator with attenuation κ. In the beam-splitter
loss model [50] κ indicates the reflection coefficient of the
beam splitter. In high gain limit, we get,

aout,S =

√
G̃S κS ain,S +

√
G̃S(1− κS) aattn,S

+

√
G̃I κI a

†
in,I +

√
G̃I(1− κI) a

†
attn,I, (27)

where aattn is the field originated from the attenua-
tion (second input field in the beam-splitter model). Us-
ing the output field from this expression to calculate the
power spectral density and modeling aattn field as the
source of the added noise in the TWPA, we arrive at eq.
7 of the main text.

Noise simulation

In this session we give the details of the simulation
of the TWPA noise temperature (blue shaded area in
Fig. 4 of the main text) obtained considering the device
dielectric losses as main source of the TWPA added
noise.
One of the primary sources of extra noise (above
standard quantum limit) added by the the TWPA is
dielectric losses in the nonlinear transmission line [48].
These losses originate from the presence of a thin alu-
mina layer, necessary to engineer the high capacitance
needed for maintaining impedance matching to the envi-
ronment across the device. We obtain the transmission
loss in the device by comparing the transmission of the
device with that of the reference box. Inset in Fig.
2 in supplementary information depicts the frequency
dependence of the loss at operation (half flux) point,
which is used to obtain the the imaginary component of
the wavevector (κ

′′
).

To simulate the noise added by the TWPA, we numer-
ically solve coupled differential equations for signal and
idler modes with source terms accounting for losses [50],
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(
∂x +

i∆k

2

)
as = i

ki

2ks
ηsa
†
i − κ

′′
s as +

√
κ′′s a

(loss)
s , (28)

(
∂x −

i∆k

2

)
a†i = −i ks

2ki
ηias−κ

′′
i a
†
i +
√
κ
′′
i a
†(loss)
i . (29)

The discretized solution for a transmission line with N
SNAILs can be expressed as,

Â(x) = S(x)Â(0) +
1

2π

N∑

x

S(N − x)

[√
κ′′s a

(loss)
s√

κ
′′
i a
†(loss)
i

]
,

(30)
where S(x) is the solution matrix obtained in eq. (23),

without source terms.

Using above solution, and assuming good line ther-

malisation (〈{a(loss)
s , a

†(loss)
s }〉 = 1/2), we estimate the

noise added by TWPA by calculating 〈{a†s , as}〉.

Since the transmission losses in the device are power
dependent, in Fig. 4(a) of main text we plot a range be-
tween noise estimates calculated using low power losses
(∼1 photon) and high power losses (∼100 photons). The
approximate photon numbers are calculated as product
of photon flux with travel time in TWPA.

DATA AVAILABILITY

The data supporting the results presented in this arti-
cle are available at Zenodo open-access repository under
DOI 10.5281/zenodo.5647785.

CODE AVAILABILITY

The python scripts used for simulation of gain and
dispersion through meta-material are available at github
repository JJ metamaterial simulation.
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M. Mirhosseini, and O. Painter, “Quantum Electrody-
namics in a Topological Waveguide,” Physical Review
X, vol. 11, no. 1, p. 011015, 2021.

[7] A. L. Grimsmo, B. Royer, J. M. Kreikebaum, Y. Ye,
K. O’Brien, I. Siddiqi, and A. Blais, “Quantum meta-
material for nondestructive microwave photon counting,”
2020.

[8] C. Macklin, K. O’Brien, D. Hover, M. E. Schwartz,
V. Bolkhovsky, X. Zhang, W. D. Oliver, and I. Sid-
diqi, “A near – quantum-limited Josephson traveling-
wave parametric amplifier,” Science, vol. 350, p. 307,
2015.

[9] T. C. White, J. Y. Mutus, I. C. Hoi, R. Barends,
B. Campbell, Y. Chen, Z. Chen, B. Chiaro,
A. Dunsworth, E. Jeffrey, J. Kelly, A. Megrant, C. Neill,

P. J. J. O’Malley, P. Roushan, D. Sank, A. Vainsencher,
J. Wenner, S. Chaudhuri, J. Gao, and J. M. Marti-
nis, “Traveling wave parametric amplifier with Joseph-
son junctions using minimal resonator phase matching,”
Applied Physics Letters, vol. 106, p. 242601, June 2015.

[10] L. Planat, A. Ranadive, R. Dassonneville, J. Puertas
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A. Potočnik, A. Wallraff, and C. Eichler, “Rapid high-
fidelity multiplexed readout of superconducting qubits,”
Phys. Rev. Applied, vol. 10, p. 034040, Sep 2018.

[25] S. Kundu, N. Gheeraert, S. Hazra, T. Roy, K. V.
Salunkhe, M. P. Patankar, and R. Vijay, “Multiplexed
readout of four qubits in 3d circuit qed architecture using
a broadband josephson parametric amplifier,” Applied
Physics Letters, vol. 114, no. 17, p. 172601, 2019.

[26] G. Burkard, M. J. Gullans, X. Mi, and J. R. Petta,
“Superconductor–semiconductor hybrid-circuit quantum
electrodynamics,” Nature Reviews Physics, vol. 2,
pp. 129–140, Mar 2020.

[27] N. Zobrist, B. H. Eom, P. Day, B. A. Mazin, S. R.
Meeker, B. Bumble, H. G. Leduc, G. Coiffard, P. Szypryt,
N. Fruitwala, I. Lipartito, and C. Bockstiegel, “Wide-
band parametric amplifier readout and resolution of op-
tical microwave kinetic inductance detectors,” Applied
Physics Letters, vol. 115, p. 042601, July 2019.

[28] A. Caldwell, G. Dvali, B. Majorovits, A. Millar, G. Raf-
felt, J. Redondo, O. Reimann, F. Simon, and F. Steffen,
“Dielectric haloscopes: A new way to detect axion dark
matter,” Phys. Rev. Lett., vol. 118, p. 091801, Mar 2017.

[29] C. Bartram, T. Braine, R. Cervantes, N. Crisosto, N. Du,
G. Leum, P. Mohapatra, T. Nitta, L. J. Rosenberg,
G. Rybka, J. Yang, J. Clarke, I. Siddiqi, A. Agrawal,
A. V. Dixit, M. H. Awida, A. S. Chou, M. Hollister,
S. Knirck, A. Sonnenschein, W. Wester, J. R. Gleason,
A. T. Hipp, S. Jois, P. Sikivie, N. S. Sullivan, D. B. Tan-
ner, S. Hoof, E. Lentz, R. Khatiwada, G. Carosi, C. Cis-
neros, N. Robertson, N. Woollett, L. D. Duffy, C. Boutan,
M. Jones, B. H. LaRoque, N. S. Oblath, M. S. Taub-
man, E. J. Daw, M. G. Perry, J. H. Buckley, C. Gaikwad,
J. Hoffman, K. Murch, M. Goryachev, B. T. McAllister,

A. Quiskamp, C. Thomson, and M. E. Tobar, “Dark mat-
ter axion search using a josephson traveling wave para-
metric amplifier,” 2021.

[30] R. W. Boyd, Nonlinear Optics. Academic Press, Inc.,
3rd ed., 2008.

[31] M. Malnou, M. Vissers, J. Wheeler, J. Aumentado,
J. Hubmayr, J. Ullom, and J. Gao, “Three-wave mix-
ing kinetic inductance traveling-wave amplifier with near-
quantum-limited noise performance,” PRX Quantum,
vol. 2, p. 010302, Jan 2021.

[32] K. O’Brien, C. Macklin, I. Siddiqi, and X. Zhang, “Res-
onant phase matching of josephson junction traveling
wave parametric amplifiers,” Physical Review Letters,
vol. 113, no. 15, pp. 1–5, 2014.

[33] M. T. Bell and A. Samolov, “Traveling-Wave Paramet-
ric Amplifier Based on a Chain of Coupled Asymmetric
SQUIDs,” Phys. Rev. Applied, vol. 4, no. 024014, 2015.

[34] P. A. Andrekson and M. Karlsson, “Fiber-based phase-
sensitive optical amplifiers and their applications,” Adv.
Opt. Photon., vol. 12, pp. 367–428, Jun 2020.

[35] G. New, Introduction to Nonlinear Optics. Cambridge
University Press, 2011.

[36] Jaeyoun Kim, O. Boyraz, J. H. Lim, and M. N. Islam,
“Gain enhancement in cascaded fiber parametric ampli-
fier with quasi-phase matching: theory and experiment,”
Journal of Lightwave Technology, vol. 19, no. 2, pp. 247–
251, 2001.

[37] N. E. Frattini, U. Vool, S. Shankar, A. Narla, K. M.
Sliwa, and M. H. Devoret, “3-wave mixing Josephson
dipole element,” Appl. Phys. Lett, vol. 110, no. 22,
pp. 1–5, 2017.

[38] N. E. Frattini, V. V. Sivak, A. Lingenfelter, S. Shankar,
and M. H. Devoret, “Optimizing the Nonlinearity and
Dissipation of a SNAIL Parametric Amplifier for Dy-
namic Range,” Physical Review Applied, vol. 10, no. 1,
p. 1, 2018.

[39] V. Sivak, N. Frattini, V. Joshi, A. Lingenfelter,
S. Shankar, and M. Devoret, “Kerr-free three-wave mix-
ing in superconducting quantum circuits,” Phys. Rev.
Applied, vol. 11, p. 054060, May 2019.

[40] V. V. Sivak, S. Shankar, G. Liu, J. Aumentado, and M. H.
Devoret, “Josephson array-mode parametric amplifier,”
Phys. Rev. Applied, vol. 13, p. 024014, Feb 2020.

[41] A. Grimm, N. E. Frattini, S. Puri, S. O. Mundhada,
S. Touzard, M. Mirrahimi, S. M. Girvin, S. Shankar, and
M. H. Devoret, “Stabilization and operation of a kerr-cat
qubit,” Nature, vol. 584, pp. 205–209, Aug 2020.

[42] A. B. Zorin, “Josephson Traveling-Wave Parametric Am-
plifier with Three-Wave Mixing,” Physical Review Ap-
plied, vol. 6, no. 3, pp. 1–8, 2016.

[43] W. Zhang, W. Huang, M. E. Gershenson, and M. T. Bell,
“Josephson metamaterial with a widely tunable positive
or negative kerr constant,” Phys. Rev. Applied, vol. 8,
p. 051001, Nov 2017.

[44] A. B. Zorin, M. Khabipov, J. Dietel, and R. Dolata,
“Traveling-wave parametric amplifier based on three-
wave mixing in a josephson metamaterial,” in 2017
16th International Superconductive Electronics Confer-
ence (ISEC), pp. 1–3, 2017.

[45] A. Miano and O. A. Mukhanov, “Symmetric Traveling
Wave Parametric Amplifier,” arXiv.org, Nov. 2018.

[46] T. Dixon, J. W. Dunstan, G. B. Long, J. M. Williams,
P. J. Meeson, and C. D. Shelly, “Capturing Complex Be-
haviour in Josephson Travelling Wave Parametric Am-



13

plifiers,” arXiv.org, Dec. 2019.
[47] A. Greco, L. Fasolo, A. Meda, L. Callegaro, and E. En-

rico, “A quantum model for rf-SQUIDs based metama-
terials enabling 3WM and 4WM Travelling Wave Para-
metric Amplification,” arXiv.org, Sept. 2020.

[48] L. Planat, E. Al-Tavil, J. P. Mart́ınez, R. Dassonneville,
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I. EXPERIMENTAL SETUP
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FIG. 1. Sketch of the experimental setup.

II. DEVICE CHARACTERIZATION IN LOW POWER REGIME

Device characteristics in linear regime, i.e. with no pumping, are depicted in Fig. 2. The net transmission for
the device is obtained by subtracting the transmission of a dummy PCB device measured using exactly the same
set-up (see Fig. 1 for detailed schematic). Device transmission versus frequency and flux is shown in Fig. 2(a).
Two vertical cuts, corresponding to zero and half quantized flux, are shown in the inset. At half quantized flux,
which corresponds to the optimal flux point for reversed Kerr phase matching, we find that losses are roughly 1 dB
per GHz . Such values are comparable with previously demonstrated TWPAs based on Josephson meta-materials [1, 2].

We also measure the phase of the signal transmitted through the device, θdevice, using a dummy PCB device as
reference. The measured phase is directly linked to the dispersion relation, k(ω) = θdevice(ω)/N , where N is the
number of SNAILs in the transmission line. At a fixed flux, the frequency dependent phase evolution is fitted to the
linear dispersion relation,
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FIG. 2. Linear characterization. (a) Calibrated transmission through the device as function of external magnetic flux and
frequency. (inset) Calibrated transmission through the device for two selected flux values, Φext/Φ0 = 0 and Φext/Φ0 = 0.5.
(b) Inductance L of one unit cell as function of flux, each dot is obtained by fitting the measured linear transmitted phase
at a fixed flux with the dispersion relation model. The solid line is the fit of the data (dotted curve) by using the theoretical
expression of L as a function of the external magnetic flux.

θdevice = θ0 +N

√
LCg ω√

1− ω2/(LCJ )
, (1)

using the cell inductance, L, as fit parameter, and fixing the other parameters with the design/fabrication values:
N = 700, Cg = 250 fF and CJ = 50 fF. The intercept θ0 is added to the model to account for the 2nπ uncertainty
introduced by phase wrapping.
The values of L obtained for various flux points from the fits are shown in Fig. 2(b) (dotted curve). This data is then
fitted using the theoretical expression for L as a function of the external magnetic flux,

L(Φext) =
Φ0

2πI0 α̃(Φext)
, (2)

with α̃(Φext) defined in in the article and using the asymmetry ratio r and the critical current I0 as fit parameters.
From the best fit we obtain I0 = 2.19µA and r = 0.07, comparable with the values expected by design.

We can also calculate the plasma frequency, ωJ = 1/
√
LCJ , which varies between 30.5 GHz at half flux and
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37.5 GHz at zero flux. These high plasma frequencies give nearly flat flux-dependent transmission as shown in Fig.
2(a).

III. SUPPRESSION OF SECOND ORDER NONLINEARITY

SNAILs exhibit both, second and third order nonlinearities, which are responsible for three wave and four wave
mixing processes, respectively. The meta-material presented in the article constitutes in SNAILs with alternating flux
polarity, as depicted in the main text. This results in neighboring cells experiencing opposite induced flux reaction. As
second order nonlinearity is an odd function of flux, this leads to adjacent cells exhibiting second order nonlinearity
with opposite sign; and its effective suppression over meta-material [3]. Second harmonic generation, three wave
mixing process involving conversion of two probe photon into one at twice the probe frequency, is proportional to
the second order nonlinearity of the medium [4]. Fig 3 shows simulated comparison of output between meta-material
with and without alternating flux polarity when a -90dBm probe tone is applied at 4 GHz at the input. As expected,
absence of significant second harmonic generation is observed when second order nonlinearity is suppressed. The
simulation was computed using transient analysis in wrspice tool [5, 6] for meta-material with 700 SNAILs and
Josephson junction parameters similar to the presented device.
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FIG. 3. Simulated comparison between second harmonic generation in meta-materials with and without flux polarity inversion.

IV. GAIN RIPPLES AND CHARACTERISTIC IMPEDANCE OF TWPAS

Primary origin of gain ripples in TWPAs is improper impedance matching in the devices [7]. Fig. 4 (a) depicts
simulated characteristic impedance of a transmission line with and without modulation for dispersion engineering.
The modulation was applied with a 10 percent amplitude on inductances and capacitances in telegrapher model of
transmission line with cell inductance of 240 pH and device length equivalent to presented TWPA. Fig. 4 (b) depicts
the gap in the transmission opened by this modulation.

Simulations were performed using standard ABCD matrix modeling of the transmission line [8]. Fig. 4 (c) depicts
peak to peak gain ripple as a function of impedance mismatch between environment and TWPA with 20 dB for-
ward gain. These values were obtained by comparing the constructive and destructive interference between forward
propagating wave (ζ0) and first order reflection correction (ζ1) [7],

ζ0 = g(1− Γ1)(1− Γ2)Ain,

ζ1 = g2Γ1Γ2(1− Γ1)(1− Γ2)Ain,
(3)
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FIG. 4. Characteristic impedance. (a) Simulated characteristic impedance of a transmission line with and without dispersion
engineering. (b) Gap in the transmission created by modulation. (c) Simulated peak to peak gain ripples versus characteristic
impedance of the TWPA with 20 dB gain. Gain ripples are minimized when the TWPA impedance matches 50 Ω environment
impedance.

where g is the linear amplitude gain, Ain is the input amplitude, Γ1 and Γ2 are reflection coefficients at input and
output interface respectively.

Due to nearly flat impedance profile, the reversed Kerr amplifier has better impedance matching to the environ-
ment, and hence, should exhibit lower reflections and gain ripples compared to TWPAs with dispersion engineering in
identical environment. The measured improvement in gain ripples is shown in the main text, obtained by measuring
the two devices, dispersion engineered TWPA and reversed Kerr TWPA in identical packaging.
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V. SIMULATED GAIN
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FIG. 5. Gain simulation. Comparison between gain simulation using losseless model, dotted curves, and complete theory,
dashed curves. Experimental data are indicated with continuous curves. It is necessary to include the transmission losses of
the device into the gain modeling for accurate quantitative simulation of the gain.
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